Abstract-We consider the problem of RF signal analysis where one sensing node observes a frequency band possibly used by multiple packet based radio transmitters. Analysis of the received signal consists of two steps. In the first step we use spectrogram to perform temporal segmentation of the received piecewise statistically homogeneous signal. This task is formulated as a clustering problem. In the second step we compute a certain 2-D slice of the fourth order spectrum for each of the segments found in the first step. The fourth order spectrum slices are arranged in a three-way array. Key idea of the second step is to use uniqueness properties of the low rank decomposition of the three-way array to recover spectra and associated activity sequences of individual components in the received signal. We derive a numerical algorithm for the low rank decomposition, which computes estimates of the spectra and activity sequences by optimizing a weighted least squares criterion under application specific constraints. The approach is illustrated with simulation examples involving signals used in 802.11a/b/g and Bluetooth networks. The proposed algorithm can be used as a spectrum analysis tool, providing crucial information needed for achieving efficient utilization of radio spectrum and elimination of mutual interference between the coexisting systems.
I. INTRODUCTION
Most existing wireless systems use static allocation of radio spectrum. Each system operates in a predefined fixed frequency band. Since the allocated spectrum is not used at all locations and at all time instants, this static allocation leads to creation of spectrum holes, which implies inefficient utilization of the available radio spectrum. A much better spectrum utilization can be achieved with systems using dynamic spectrum allocation. These systems must have a completely new feature: spectrum sensing capability [1] . Spectrum sensing can be defined as RF signal analysis whose goal is to determine if the observed frequency band is occupied and also identify or characterize the signals present. Most of the existing work in spectrum sensing is motivated by its application in the emerging 802.22 standard, where the goal is to detect presence of so-called primary user, which in this case is digital TV signal in the 400-800 MHz frequency band [2] . This task is usually formulated as a binary hypothesis testing problem. Three main signal processing tools proposed for solving this problem and spectrum sensing in general are energy and related PSD based detectors, matched filter and cyclostationary detectors (see [1] [3] [4] and references in [4] ).
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In this work we consider the spectrum sensing problems arising when the transmitters of interest form packet based radio networks. These networks are common in unlicensed frequency bands such as 2.4 GHz ISM and 5 GHz UNII bands, which are used by systems such as WLAN(802.11a/b/g), Bluetooth, Zig-Bee, cordless phones, etc. There are two application scenarios for spectrum sensing in this environment. In the first scenario, there is a communication network which identifies and exploits unused portions of the spectrum in the observed frequency band [5] . In the second scenario there is a dedicated spectrum sensing network. This concept is adopted in the emerging IEEE 1900.6 standard [4] , which considers three types of systems: legacy systems using static spectrum allocation, a dedicated spectrum sensing network, and new systems using dynamic spectrum allocation. The role of the spectrum sensing network is to provide information about spectrum usage in the observed frequency band. This information can be used by the communication systems capable of dynamic spectrum allocation to access the available spectrum without causing interference to the legacy systems. Hence, the information provided by the spectrum sensing network could be crucial for achieving efficient utilization of radio spectrum. Spectrum sensing network could also be used for continuous monitoring of spectrum usage, detection and localization of transmitters violating established protocols for spectrum access, etc.
In the environment with packet based radio networks there are two key differences compared to the problems considered in the previous work. The first is the presence of multiple, possibly heterogeneous, transmitters, which in some cases transmit signals that overlap in time and frequency. The second difference is due to the fact that transmitters in packet based networks are regulated by their protocols and can transmit only in certain time slots. Thus, the transmitted signals are characterized by non-persistent excitation.
Let us now discuss applicability of existing approaches for spectrum sensing in this scenario. An obvious brute force approach would consist in building full receiver for each signal type. This approach would require complete knowledge of each transmitted signal format including the set of possible center frequencies. It is not only expensive and complicated, but also excessive since the goal here is to detect and identify the signals present and not to demodulate their transmitted information. A much simpler approach would be to use preambles, which are sequences of known symbols embedded in packets to enable packet detection and synchronization. If these known sequences exist we can build matched filter detectors for them and thus, detect and identify signals present. Obviously we must build a separate detector for each signal format. This approach would also require the knowledge of possible center frequencies for each system. Its performance in an ideal case of a fully known signal in Gaussian noise is limited by the total signal energy [6] , which in this application is limited by duration of the preamble. Finally, we note that presence of signals with non-persistent excitation prevents straightforward application of energy, PSD based, and cyclostationary detectors, since they all assume signals with persistent excitation during the observation interval.
We conclude that existing approaches do not offer a satisfactory solution in this scenario. Here, we present an entirely different approach. Each transmitted signal is characterized using its 2nd and 4th order statistics and an on/off activity sequence modeling its non-persistent excitation. The sensing node receives a superposition of these signals. As will be shown, using the 2nd and 4th order statistics of the received signal and certain uniqueness properties of low rank decomposition of three-way arrays, it is possible to identify spectra and activity sequences of individual signals forming the received signal. In other words, in contrast to existing spectrum sensing methods based on hypothesis testing(usually binary), we localize each signal in time and frequency by blind identification of its relevant parameters. The method is blind in a sense that the knowledge of signal pulse shapes and their center frequencies is not assumed.
II. SIGNAL ANALYSIS METHOD
We consider a setup where one sensing node observes a frequency band with M packet based radio sources. Now we make a number of assumptions. During the observation interval each source operates with constant power when on. However, the excitation in not persistent, which is modeled by an on/off activity sequence. We consider two types of transmitted signals: (1) linear modulation formats and (2) nonlinear modulation formats that can be approximated as a sum of finite number of signals in linear modulation formats. The transmitted signals can be characterized using their various statistical indicators. In this work we will use second order statistic(PSD) and partial information form fourth order statistic. Hence, each transmitted signal will be characterized by its second and fourth order spectra and an associated on/off activity sequence modelling its nonstationary behaviour. Received signal at the sensing node is a sum of transmitted signals and sensor noise. We assume that each transmitted signal is non-Gaussian and the sensor noise is stationary Gaussian signal with arbitrary PSD. Our approach performs analysis of the received signal in two steps. In the first step we perform temporal segmentation of the received nonstationary signal using its spectrogram. In the second step we use partial information from the fourth order spectra computed for the segments found in the first step to find spectra and activity sequences of individual signals forming the received signal.
A. Temporal segmentation algorithm
Under the stated assumptions the received signal consists of on/off contributions from various transmitted signals and stationary sensor noise. Thus, this signal is nonstationary consisting of a number of statistically homogeneous segments. Our goal is to determine those segments. We are going to assume that each segment is uniquely identified by its PSD and use spectrogram of the received signal for this task. Let T be the time resolution of the spectrogram. Assuming mutually uncorrelated source signals, the received PSD as a function of frequency f over the time interval
where H m (f ) is the channel transfer function between the mth source and the sensor, S m (f ) is PSD of the m-th source and b km ∈ {0, 1} indicates whether the m-th source is off or on during the time interval
It is also assumed that the sensor noise is uncorrelated with source signals and has a PSD S n (f ). The choice of T is the result of the inevitable trade-off between accuracy in tracking non-stationary changes of the source signals(a smaller T is better) and the achievable resolution in PSD estimation(a larger T is better). Let K measurements be performed over the observation interval of length KT . Let the total observed bandwidth be W = JΔf where Δf is the frequency discretization step. We define the matrix X with entries
where
In an obvious matrix notation we have
LetX be an estimate of X, where each columnx is computed as periodogram with frequency smoothing [7] . We observe that the columns ofX form clusters, where each cluster(segment) is defined as a union of time intervals with the same combination of active sources. For example, the cluster centroids could be n, a 1 + n, a 1 + a 2 + n, etc. Hence, the segmentation problem is in fact a clustering problem. We model the columns ofX using the mixture pdf model
where N is the number of clusters, p i is the probability of the i-th cluster, and g(x|μ i , Σ i ) is a multivariate Gaussian pdf with mean μ i and covariance Σ i . Dispersion around cluster means is caused by inevitable PSD estimation errors due to the finite sample size effects. True distribution of these errors is signal dependent and hence, unknown in our application. However, we estimate each PSD value as an average value over several neighbouring frequencies and hence, it makes sense to assume that the estimation errors are approximately Gaussian. Assuming the model given by (4) the clustering problem reduces to the estimation of the parameters p i , μ i , and Σ i for i = 1, . . . , N. Maximum likelihood estimates of these parameters can be obtained using EM algorithm as follows [8] . Let us define the cluster membership matrix W = [w ik ], where w ik = 1 if the k-th column ofX belongs to the i-th cluster, otherwise w ik = 0. Assuming the model parameters are known w ik can be estimated as its expected value, which can be found using the Bayes' rule aŝ
where P (C i |x k ) is the probability that the k-th column ofX belongs to the i-th cluster. Assuming now that W is known the ML estimates of the model parameters are given as [8] 
We start from random initial estimates for the model parameters and then use equations (5)-(7) until convergence. The algorithm converges monotonically to a local maximum of the likelihood function of the model (4). The global maximum can be found by repeatedly using the algorithm from different initial points. This concludes the segmentation procedure. Now we would like to know what combination of transmitted signals was present in addition to sensor noise in each of the identified signal segments. It is difficult to answer this question reliably using only PSD information. As it will become clear, we can get a satisfactory answer to this question by using information contained in fourth order spectrum.
B. Signal analysis using fourth order spectrum
Let us first introduce a few definitions. Let x(t) be a random process admitting Cramer spectral representation
is called spectral process [9] . The second order spectrum(PSD) of x(t) is defined as
and the fourth order spectrum(trispectrum) is defined as [9] 
where we used the definition of the fourth order cumulants [10] . In our work we are going to use the following 2-D slice of the trispectrumS 4x (f, v) = S 4x (f, v, −v) which using the definition (8) can be written as
The quantityS 4x (f, v) for f = v is the 4-th order autocumulant(kurtosis) at frequency f . It is zero for Gaussian signals and non-zero for most non-Gaussian signals. Thus, it can be interpreted as deviation from Gaussianity at frequency f . The quantityS 4x (f, v) for f = v measures a certain form of statistical dependency between spectral components at frequencies f and v. In contrast, the PSD S 2x (f ) measures only average power at frequency f and contains no information about statistical dependencies between spectral components at different frequencies. Hence, the sliceS 4x (f, v) contains significant information about the received signal, which is not present in its PSD. LetS 4 (f, v, i) be the trispectrum slice defined above for the i-th segment(cluster) found in the first step of the algorithm. Assuming statistically independent signals we havẽ
is the trispectrum slice of the m-th source and c im ∈ {0, 1} indicates whether the m-th source is on in the i-th segment for i = 1, . . . , N. We define C = [c im ] and note that B = W T C, which follows from the definition of W given in Section II.A. Since we assumed the receiver noise is Gaussian, we haveS 4n (f, v) = 0. Hence, using the fourth order spectrum we can discriminate between communication signals which are practically always non-Gaussian and Gaussian receiver noise. Let us define a three-way array Y with entries
As defined earlier J = W/Δf , where W is the total observed bandwidth. Let Y i be the J by J matrix obtained by fixing the index i in (11) . We have
where Q m = [q jnm ] is the matrix characterizing the m-th source. These matrices depend on transmitted signal formats. We consider two classes of transmitted signals.
Linear modulation formats. We now consider an important class of linear modulations where the m-th source signal has the following form
where a km is an iid sequence of input symbols, p m (t) is the pulse shape, and T sm is the symbol period. Using the definition it can be shown that the trispectrum of x m (t) is
. We see that for linear modulation formats Q m is of rank one. In this case the entries of Y are
Now we observe that
We see that the matrix F jointly diagonalizes the matrices Y i for i = 1, . . . , N. The problem of finding F from the set of matrices Y i for i = 1, . . . , N is known as joint diagonalization by congruence. It is well known that, under some mild conditions, the matrices F and C = [c im ] can be determined up to a scaling and permutation of their columns by joint diagonalization of the matrices Y i for i = 1, . . . , N [11] . This is the key idea of our method. Several important blind signal separation methods also reduce to joint diagonalization problems(see references in [12] and [13] ). Let us explain this key idea from another point of view. We observe that (16) represents decomposition of Y into M three-way rank-one terms [14] . This decomposition is unique under certain algebraic conditions [15] . When the uniqueness conditions hold the rank-one terms in (16) are uniquely determined. In other words, we can uniquely determine terms in the sum in (16), which represent contributions of different transmitted signals to the observed three-way array Y . Thus, the decomposition of Y into rank-one terms becomes a parameter estimation tool. Nonlinear modulation formats. When the source signals are in nonlinear modulation formats(e. g., FM signals), we cannot put the trispectrum slicesS 4m (f, v) in the form given by (15) . In that case rank(Q m ) > 1 and the above procedure cannot be applied. Obviously, nonlinearity is not a property and therefore, it cannot be treated without introducing additional assumptions. Let us assume that the m-th source signal can be represented or approximated as a sum of R m signals in linear format given by (13) . Then its trispectrum slice can be represented as k rm f jrm f nrm c im (19) where F m (j, r) = f jrm . Equation (19) represents decomposition of Y into M block terms. Now each signal contributes one block term rather than one rank-one term, which was the case with linear modulation formats. Using the operator vecr which transforms real symmetric matrix into a vector [13] , the decomposition into block terms can be represented as
and C = [c im ] is an N by M matrix defined earlier with entries c im ∈ {0, 1}. We note that decomposition into rankone terms is a special case of the decomposition into block terms obtained for
The decomposition into block terms can also be unique under certain algebraic conditions [16] , which are generalization of those from [15] . When these conditions hold block terms in (19) , representing contributions of different transmitted signals to Y , are uniquely determined and hence, the decomposition of Y into block terms becomes a parameter estimation tool. It should be mentioned that uniqueness conditions derived in [15] and [16] do not take into account our application specific constraints: symmetry(Y i = Y T i ), nonnegativity(f jrm ≥ 0), and finite alphabet(c im ∈ {0, 1}). Hence, uniqueness conditions in our application are probably even less restrictive than those from [15] and [16] . However, it is very difficult to find minimal uniqueness conditions in this application and express them in some easy to check form. As will be demonstrated with concrete examples in section IV, decomposition of Y into rank-one or block terms is indeed a useful signal analysis tool in some important practical situations. Another important point is that the uniqueness conditions from [15] and [16] do not hold for two-way arrays(i. e., matrices). This fact explains why we could not solve the problem using second order spectra and had to use fourth order spectra.
III. COMPUTATIONAL METHODS
In this section we develop algorithms needed to compute an estimate of the three-way Y and to decompose it into block terms, which represent contributions of individual signals present in the received signal.
A. Estimation of fourth order spectra
First, we need to compute estimates of the trispectrum matrices Y i for each of the N temporal segments found in the first step. Let y k be the column vector computed by applying FFT on the received signal samples over the k-th time interval defined in (1) for k = 1, . . . , K. We compute an estimate of Y i by replacing dX(f ) in (9) with the corresponding entries from y k and performing averaging over the i-th temporal segment
where • denotes elementwise(Hadamard) matrix product, τ i = K k=1ŵ ik , andŵ ik are estimates from (5) computed using (5)- (7) . The estimateŶ i is computed by temporal averaging. Additional frequency averaging can be done by applying a 2D interpolation filter onŶ i . The estimates of fourth order spectra computed over the determined temporal segments have much smaller variance compared to the corresponding estimates computed over the time intervals of duration T defined in (1). This fact explains why temporal segmentation was performed as the first step.
B. Determining the number of rank-one and block terms
Our final objective is to develop an algorithm for decomposition of Y into block terms given by (19) and (20) . In order to do that we need to know the number of block terms M and the number of rank-one terms in each of the block terms R 1 , . . . , R M . In this subsection we describe how (at least in theory) the parameters M and R = R 1 + · · · + R M can be determined from Y . First, we apply vecr operator on (12) for i = 1, . . . , N. We have
Assuming that J + J 2 ≥ M , N ≥ M , and that Q V and C are of full rank we have
which can be used to determine M . Next, we show how R = R 1 + · · · + R M can be found from Y . Using (12) and (18) we have
and
where L(i, :) is the i-th row of the matrix
It is very simple to check that
where the symbol denotes Khatri-Rao product defined as
(32) where the symbol ⊗ denotes Kronecker product. Assuming that J ≥ R, rank(F A ) = R, and rank(L F A ) = R we have
which can be used to determine R. If Y is perfectly known M and R can be found from SVDs of the matrices in (26) and (33). In any practical situation only an estimateŶ , containing some amount of error, is available. In that case M and R can be found as effective ranks of the matrices given by (26) and (33). These problems are very difficult themselves and require separate algorithms(e. g., [17] ), which are beyond the scope of this paper. In the simulation examples presented in Section IV the parameters M and R are assumed to be known.
C. Decomposition into rank-one terms
In this subsection we develop an algorithm for decomposition of Y into rank-one terms given by (16) . We have seen that this decomposition is equivalent to joint diagonalization of the set of matrices Y i for i = 1, . . . , N. There are several numerical algorithms for joint diagonalization problems [13] [18] [12] , but they do not take into account our application specific constraints. In [19] and [20] two methods for decomposition of three-way arrays into rank-one terms under optional nonnegativity constraints are presented. However, these methods are not concise algorithms that can be implemented and tried, but very complicated optimization programs where the author made numerous implementation decisions. Hence, these methods do not provide a satisfactory solution for our problem. Here, we develop an algorithm specifically for this application. In order to compute the decomposition given by (16), we form the following weighted least squares criterion
(34) whereŶ (j, n, i) is the observed(estimated) value given bŷ Y (j, n, i) = Y (j, n, i) + E(j, n, i) where E(j, n, i) is the estimation error. We also used the symmetryŶ (j, n, i) = Y (n, j, i). One reasonable choice for weights is ω i =p i , since each matrixŶ i is estimated from a cluster with probability p i as defined in (4). We seek parameters
T that minimize C wls subject to the constraints f jm ≥ 0 and c im ∈ {0, 1}. First, we will solve the problem where the second constraint is relaxed to c im ≥ 0. We will explain in the next section how to impose c im ∈ {0, 1}. We seek parameter estimates satisfying
Next, we apply certain tools for numerical optimization, discussed in [21] and [22] , on problem (35). Our first step is to take into account nonnegativity constraints using logarithmic barrier function, which is a well known method [21, ch. 11] . This method was also used in [19] . We define new criterion
where α is a small positive constant, which regulates influence of the added logarithmic terms. When any of the parameters with nonnegative constraint, say f jm , approaches zero its logarithmic term tends to negative infinity. Hence, C bf tends to plus infinity, which prevents that parameter from becoming zero or negative. Now we can consider the unconstrained problem
Let us try to solve (37) using Newton's method. We define the parameter vector
Starting from an initial point we update parameter vector p in each step as follows. Let p 0 be the current parameter vector. We approximate the objective function around the current point using quadratic approximation
where g is gradient and H is Hessian of C bf (p). We find the step Δp by solving
For positive definite H the optimal step is found from [21] g + HΔp = 0 (41) and the updated parameter vector is
However, there is a problem in direct application of Newton's method on minimization of C bf (p). As mentioned previously the columns of F and C are determined up to arbitrary scaling factors. This means that there is no unique vector p that minimizes C bf (p). In other words, the problem of minimizing C bf (p) has a continuum of solutions rather than one solution.
In vicinity of any of these solutions there is no unique solution for Δp in (41) and hence, H must be singular. This problem is solved by imposing unit length constraints on the columns of F and C. Since the entries are nonnegative we can impose the following constraints:
J j=1 f jm = 1 and N i=1 c im = 1 for m = 1, . . . , M. These constraints can be expressed as A eq p = 1 where A eq is a 2M by (J + N + 1)M matrix of zeros and ones. Now we need to minimize C bf (p) subject to linear constraints A eq p = 1, which can be done using methods from [21, ch. 10] . It follows from (42) A eq p = A eq (p 0 + Δp). Since the equality constraint must be satisfied in every iteration, we also have A eq p = A eq p 0 = 1, which implies A eq Δp = 0. Now we need to solve (40) subject to A eq Δp = 0. The optimal step is found by solving [21, pp. 
526] H A T eq
A eq 0
where λ is a vector of Lagrange multipliers. This procedure is equivalent to elimination of equality constraints and performing the minimization in (40) over Δp ∈ N ull(A eq ). Finally, we need to compute gradient g and Hessian H of the criterion function C bf (p) given by (36). Let us define the vector
and in the same way y(p) as a result of vectorization of Y , where we emphasised the functional dependence on the parameter vector. The functional dependence is given by (16) and (38). Now we have
where Q = N (J + J 2 ) andŷ q and y q (p) are q-th entries of y and y(p) respectively, and weights w q are diagonal entries of the matrix
Using (36) and (45) we find the gradient of C bf (p) as
where J(p) is the Jacobian matrix [22] of y(p) with entries j qr (p) = . . . c
The Hessian of C bf (p) is
where G q (p) is Hessian of the function y q (p) and
. . . c
Newton's method with equality constraints can be used only if the Hessian H(p) given by (49) is positive definite on N ull(A eq ). We see that the second term on the right hand side of (49) is in general indefinite and hence, H(p) is also indefinite. Now we have two options. The first is to use modified Newton's methods, where indefinite Hessian H(p) is replaced with a positive definite matrix, which is close to the original Hessian in certain sense [22, sec. 4.4.2] . The second option is to simply ignore the second term in (49) and approximate the Hessian as the sum of the first and third term, which produces a positive definite matrix. This approach is sometimes called Gauss-Newton method [22, sec. 4.7.2] . We experimented with these two approaches and found that both of them lead to reliable algorithms. Finally, we decided to pick Gauss-Newton method since it requires fewer computations. The Hessian approximated as
is used to compute the step Δp using (43). With positive definite Hessian on N ull(A eq ) the computed step Δp represents a descent direction [22] . However, using (42) to compute the updated parameter vector may not lead to C bf (p) ≤ C bf (p 0 ), since the updated vector is based on the quadratic approximation (39). Also the logarithmic barrier function is approximated in the same way and hence, using (42) may violate nonnegativity constraints. These problems are resolved by introducing procedure for step length control [22] , which is also known as line search [21] . Here, we use a very simple line search where we compute the updated parameter vector as
where 0 < μ < 1 and k = 0, 1, 2, ..., K. We start with k = 0 and keep increasing k until all nonnegativity constraints are satisfied and C bf (p) < C bf (p 0 ). These conditions are satisfied for sufficiently small step length since Δp is a descent direction for C bf (p). The line search procedure is the final part of the algorithm. Let us summarize the algorithm for decomposition into rank-one terms(joint diagonalization). The algorithm computes parameter estimates
(53) as follows. Starting from a random initial point we iteratively update the parameter vector p defined by (38). In each iteration we compute J (p) as partial derivatives of model equations (16) , H(p) using (51), and g(p) using (47). Then we compute Δp by solving equations (43) and update the parameter vector using line search (52). The iterations are repeated until convergence.
D. Decomposition into block terms
In this section we develop an algorithm for decomposition into block terms given by (19) and (20) . Given the estimatê Y we wish to compute the set of JxJ symmetric matrices Q m given by (18) for m = 1, . . . , M and the N xM matrix C = [c im ] by minimizing the following weighted least squares criterion
. (54) where we set ω i =p i . We assume that the parameters M and R = R 1 + · · · + R M are known or estimated fromŶ using (26) and (33). We propose the following three-step procedure for decomposition ofŶ into block terms.
First, we observe that decomposition into block terms in (19) is equivalent to a decomposition into R rank-one terms, where the rank-one terms from the same block term have the same activity sequence vector c m = c 1m . . . c Nm T for m = 1, . . . , M. Hence, our first step is to compute a decomposition of Y into R rank-one terms. We impose appropriate nonnegativity and normalization constraints and use the algorithm described in Section III.B to compute
(55) where the matricesF
terms. In the second step we wish to group rank-one terms into block terms. Since we imposed nonnegativity and unit length constraints on the columns ofC, they should form M clusters, where each cluster defines one block term. We find these clusters by applying agglomerative hierarchical clustering [23] on the columns ofC. Initially, each vector belongs to a separate cluster. These clusters are then successively merged so that in each step a Euclidean distance based criterion measuring dispersion around cluster centroids is minimized. We continue this process until the number of clusters is reduced to M . The clustering algorithm finds the parameters R 1 , . . . , R M and the matrix of cluster centroidsC
, which will be used in the third step, where we seek parameter estimates
(56) where
contain the parameters defined in (18) . We solve (56) using an alternating least squares strategy, where we find an update for one set of parameters assuming that all other parameters are known. Starting form an initial point computed using results from the first two steps, we perform the following two steps in each iteration of the algorithm.
Update forF B andk B . Assuming C =Ĉ we seek the estimates
This problem can be solved using Newton's method with nonnegativity and unit norm constraints in the same way as described in Section III.C. Update forĈ. We find this update assuming F B =F B and k B =k B . Using vecr operator the criterion function (54) can be written as
where Q r is computed from F B and k B using (18) . Let us define c i = c i1 . . . c iM T for i = 1, . . . , N. From (58) we see that update for eachĉ i can be computed separately. The update is found by solving
(59) which is done by evaluating criterion function in (59) for each of the 2 M possible values of c i and picking the one that yields the lowest value of the criterion function [24] . The algorithm iteratively computes updates forF B andk B , andĈ until convergence. The matrixĈ contains estimates of activity sequences over the temporal segments computed using the clustering algorithm as described in Section II.A. We still need to find an estimate of B defined in (3), which contains activity sequences over time intervals of duration T defined in (3) . Using the definition of parameters W = [w ik ] and their estimatesŴ = [ŵ ik ] obtained using EM algorithm, we havê B =Ŵ TĈ .
IV. NUMERICAL EXAMPLES
We illustrate the proposed algorithm with three simulation examples. In all three examples we consider a setup with one sensor and two sources, whose locations are shown in Figure 1 . Channels between the sensor and sources are transfer functions measured in ORBIT room in WINLAB for the setup shown in Figure 1 [25] . Thus, the real world propagation environment is faithfully reconstructed in the simulations.
Example 1. Both sources are transmitting DBPSK signals with Barker sequence spreading used in 802.11b systems [26] . The sources transmit in the same channel with equal power. The sensor observes one 20 MHz wide channel over the observation interval of 40 ms. Figure 2 shows power trace of the received signal at the sensor, where each point is the average power computed over the interval of T =10μs. We see a typical 802.11 traffic: one source is sending packets and the other one is replying with acknowledgments. Received signal at the sensor is corrupted with additive white Gaussian noise. We define SNR for each source-sensor pair as the ratio of the average received source signal power(when the source is on) at the sensor and the average sensor noise power. The SNR values in this example are −0.48 and 5.07 dB. Both sources transmit linearly modulated signals and hence, contribute rank-one components in the observed three-way arrayŶ . Applying the proposed method with R = M = 2 recovers the trispectrum slice and activity sequence for each source, shown in Figures 3  and 4 . Figure 3 shows magnitude of diagonal entries(kurtosis values) of the recovered trispectrum slices versus frequency. We see that the contributions from the two sources have been correctly recovered. The recovery of the two spectra in this example is possible due to the strong influence of the frequency selective channels between the sensor and the sources, which is evident in the recovered spectra in Figure 3 . In frequency flat channels these two sources would contribute only one rankone component inŶ since they use identical signals and hence, have proportional trispectrum slices(i. e., Q 1 = αQ 2 in (12)). In that case, we would get from (26) and (33) R = M = 1. Applying our method for R = M = 1 without imposing c im ∈ {0, 1} would recover the common trispectrum slice and one temporal sequence describing the activity of both sources. We note that this decomposition is also a useful result of signal analysis. Resolving the contributions of the two sources may be possible by using multiple sensors which will be considered in our future work.
Example 2. One source is transmitting DBPSK signals with Barker sequence spreading and the other source is transmitting GFSK signal with frequency hopping used in Bluetooth systems [27] . Each Bluetooth packet is transmitted over one of 79 different channels, where each channel is approximately 1 MHz wide. The SNR values are -0.48(802.11b) and 6.76dB (Bluetooth). The spectrogram of the received signal computed Recovered activity sequences with time resolution of T =10μs is shown in Figure 5 . The sensor observes one 20 MHz wide channel over the 3 ms time interval during which each source transmits two packets. Both Bluetooth packets collide with 802.11b packets as can be seen in Figure 5 . As already mentioned DBPSK signal with Barker sequence spreading is an example of linear modulation and hence, it contributes one rank-one term to the observed three-way arrayŶ . The two Bluetooth packets are transmitted using GFSK signals at two different frequencies. These two signals have different spectra and hence, Bluetooth source contributes two spectra inŶ . We conclude from this analysis that, in this example, M = 3. GFSK signal is an FM signal with Gaussian pulse shaping [28] . This signal is nonlinear. Hence, each GFSK signal contributes possibly multiple rankone terms inŶ . We applied our method for M = 3 and increasing number of rank-one terms starting with R = 3 and observed the computed spectra and activity sequences. The best results were obtained for R = 6. For R < 6 some meaningful rank-one terms were missed and for R > 6 some included rank-one terms were due to estimation errors inŶ . The recovered M = 3 block terms have R 1 = 3(due to the first GFSK signal), R 2 = 2(due to the second GFSK signal), and R 3 = 1(due to the DBPSK signal) rank-one terms. The results are shown in Figures 6 and 7 , where the graphs in the two top rows correspond to GFSK signals and the bottom graphs to DBPSK signals with Barker sequence spreading. The contributions of different signals have been correctly resolved despite the collisions between the packets. In this example the first GFSK signal is modeled using R 1 = 3 rank-one terms and the second GFSK signal is modeled using R 2 = 2 rank-one terms, which seems inconsistent. This effect can be intuitively explained as follows. Each GFSK signal is nonlinear and requires infinite number of rank-one terms for perfect representation. However, it can be well approximated using several most significant rank-one terms. The observed three-way arrayŶ consists of systematic variation modeled by six rank-one terms that form three block terms and error term E. The systematic variation includes three rank-one terms from the first GFSK signal and two from the second GFSK signal because of significant difference in the received powers(about 4.8 dB) of these two signals, which is caused by frequency selective channel between the source and the sensor. Recovered activity sequences Example 3. One source is transmitting DBPSK signals with Barker sequence spreading and the other is transmitting OFDM signal used in 802.11a/g systems [26] . The sensor observes one 20 MHz wide channel over the observation interval of 40μs. The SNR values are -0.48(DBPSK) and 4.84 dB(OFDM). The transmitted packets from the two sources are interleaved in time and there are no collisions as can be seen from Figure 8 . Obviously, in this example M = 2. We know that DBPSK signal with Barker sequence spreading contributes one rank-one term to the observed three-way arrayŶ . OFDM signal is a superposition of 52 linearly modulated carriers. Hence, OFDM signal is nonlinear and its trispectrum slice consists of 52 rank-one terms. Now, we should apply our method for M = 2 and R = 53. Since this computation requires a lot of memory and is very slow we applied our method for M = 2 and R = 25. The two recovered block terms here have R 1 = 1(due to the DBPSK signal) and R 2 = 24(due to the OFDM signal) rank-one terms. The results are shown in Figures 9 and 10 , where the graphs in the top rows correspond to the DBPSK signal and the bottom graphs to the OFDM signal. Again, we observe significant effects of the frequency selective channels on the recovered spectra. Although, the OFDM signal was modeled using only R 2 = 24 rank-one terms, the algorithm still captured the most significant signal components. This example illustrates potential computational difficulties in application of the proposed method. But it also illustrates how fourth order spectrum reveals the difference between single carrier(DBPSK) and multicarrier(OFDM) modulations, which cannot be seen from second order spectrum. This work shows that fourth order spectrum could be a very useful tool for analysis of packet based radio signals. Fourth order spectrum contains important information about the received signal which is not contained in the second order spectrum and thus, it enables design of qualitatively different algorithms. Currently, we are developing an extension of the method that uses multiple sensors. A more detailed performance analysis of these algorithms will be presented in our future publications.
